Preprint typeset in JHBP style - HYPER VERSION 



us 



Supersymmetry of classical solutions in 
Chern-Simons higher spin supergravity 



Shouvik Datta, Justin R. David 

Centre for High Energy Physics, Indian Institute of Science, 
C. V. Raman Avenue, Bangalore 560012, India. 



D. shouvik, iustinOcts . iisc . ernet . in 



Abstract: We construct and study classical solutions in Cher n- Simons supergravity 
based on the superalgebra sl(N\N — 1). The algebra for the N = 3 case is written 
down explicitly using the fact that it arises as the global part of the superconformal 
W3 superalgebra. For this case we construct new classical solutions and study their 
supersymmetry. Using the algebra we write down the Killing spinor equations and 
explicitly construct the Killing spinor for conical defects and black holes in this 
theory. We show that for the general sl(N\N — 1) theory the condition for the 
periodicity of the Killing spinor can be written in terms of the products of the 
odd roots of the superalgebra and the eigenvalues of the holonomy matrix of the 
background. We verify this explicitly for the higher spin conical defects constructed 
in the sZ(3|2) theory. 
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1. Introduction 

Consistent theories of higher spin fields interacting with gravity constructed by 
Vasiliev |l| (see for a review) have been the focus of many recent works. These 
theories are interesting from the perspective of the AdS/CFT since they are exam- 
ples of gravitational backgrounds in which one does not need to deal with the entire 
spectrum of massive string excitations but only with infinite set of higher spin mas- 
sive fields. Higher spin theories on AdS^ have been proposed as dual descriptions of 
vector like field theories 0, |[ sub-sectors of free Yang-Mills theories [§, [?| ||, [J, 
and very recently argued to be duals of certain ABJ models JT0| . 



Higher spin theories in three spacetime dimensions are particularly tractable 
since in this situation the Vasiliev like theories can be formulated in terms of a 
Chern-Simons theory [[□]]. Furthermore in three dimensions it is not necessary to 



consider an infinite number of higher spin fields to obtain consistent interactions. It 
is possible to work with a finite set of higher spin fields. Vasiliev like theories in 3 
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dimensions coupled to a massive complex scalar have been proposed to be holographic 
duals to Wn minimal models based on the coset [0 



SU(N) k ®SU(N) 1 



SU(N) 



fc+i 



This duality is a new example for the AdS-z/ CFT2 correspondence and various checks 
of the proposal include matching of the symmetries, comparison of their one loop 
partition function and three point correlators (see |13[ for a comprehensive list of 
references). A supersymmetric extension of the higher spin/minimal model duality 



has been proposed in This duality has also been checked by comparison of 



the symmetries and the partition function IjTR [TB[ . Chern-Simons theories based 



on super-extended higher spin superalgebras have been considered in JT7| and their 
asymptotic algebras have been shown to agree with the corresponding superconformal 
Woo algebra. 

Studying classical solutions in Chern-Simons theories based on a higher spin 
group provides more more insights to holography in three dimensions. The higher 



spin black holes found in [IE] and the conical defect solutions [TP]] have proved to be 
useful to study aspects of the holographic renormalization group, nature of singular- 



ities in higher spin gravity |20|, £L| and also served as candidates of light states of 
the dual CFT. 

Motivated by these developments we study and construct new classical solutions 
in Chern-Simons theories based on the sl(N\N — 1) superalgebra. Our working ex- 
ample will be the algebra s/(3|2) which is the global part of the W3 superalgebra 
in the large central charge limit. All these theories have two U(l) gauge fields cor- 
responding to the R symmetry of the dual conformal field theory. Studying and 
classifying supersymmetric solutions in these models will help to understand the na- 
ture of chiral primaries of the dual CFT which is important in verifying aspects of 
the supersymmetric higher spin/minimal model correspondence. The supersymmet- 
ric conditions in the Chern-Simons theory based on supergroups which contained 
spins < 2 were earlier analyzed in |22], ^3], [3], 2E, Once the background flat 



connection is given, the Killing spinor equations are particularly easy to write in 
in a Chern-Simons theory based on a any supergroup. The Killing spinor equation 
equation is just a covariant derivative with the flat connection as the background. 
Thus knowing the supergroup structure is sufficient to write down the Killing spinor 
equation. By studying various solutions we arrive at the observation that the solution 
admits a periodic Killing spinor if the combined U(l) part of the holonomy together 
with the holonomy of the rest of the connection along around the angular direction 
is trivial. This observation enables us to state the condition on the periodicity of 
the Killing spinor in terms of the odd roots of the sl(N\N — 1) superalgebra and the 
eigen values of the holonomy matrix. 



-2- 



The organization of this paper is as follows: In the next section we review some 
generalities of higher spin AdSs supergravity and write down the Killing spinor equa- 
tion for any Chern-Simons theory based on a given super group. We then provide the 
details of the commutation relations for the s/(3|2) superalgebra. We derive them 
by considering the global part and the large central charge limit of the super W3 
conformal algebra written down in ||27|] . In section 3 we study the supersymmetry 
of various classical solutions in the Chern-Simons based on the s/(3|2) superalge- 
bra. These include the BTZ black hole, the black hole with higher spin field and 
also a new black hole solution with fields corresponding to the sl(2) required for 
the supersymmetric completion of the bosonic sl(3) turned on. We then study the 
supersymmetry of conical defects in these theories. Again these defects also include 
those with fields in the sl(2) turned on. In section 4 we show that the periodicity 
requirement of the Killing spinor in the angular direction can be cast in terms of the 
holonomies of the background flat connection. We show that the supersymmetric 
conditions of any background can be written in terms of products of the odd roots 
of the superalgebra with eigen values of the holonomy matrix of the background. 
Section 5 contains the conclusions and a discussion of the results. 



Note added: After completion of this work, we received |28[ which overlaps 
with some portions of this paper. 



2. Chern-Simons higher spin supergravity 



It is well known that pure gravity in AdS^ can be written in terms of difference if two 
Chern-Simons actions based on the algebra sl(2,R) ||29|| . Similarly super symmetric 
extensions of pure gravity containing spins < 2 can be written as a Chern-Simons 
action based on supersymmetric extensions of sl(2, R) [fjQfl . Since higher spin theories 



containing only bosonic fields are based on the the sl(N } R) with N > 2 [[JT], [32], it 
is natural to look for supersymmetric extensions of the sl(N, R) algebra to construct 
consistent interacting higher spin theories in AdS% containing fermions. Given any 
such superalgebra Q the parity invariant Chern-Simons action is given by 



S 



k 

2^ 



str ( TdT + ^r 3 j - str (tdT + jjf 3 



(2.1) 



Here T, T' are the 1-forms which take values in Q and str refers to the super-trace 
over the respective algebras. The integral is over the 3 dimension space time. The 
equations of motion of this action are the following flatness conditions 



dT + r A r = 0, 



dT + r A r = 0. 



(2.2) 



To obtain the equations of motion in component form, one needs to expand T,T ; in 
terms of the generators of the superalgebra. The coefficients of this expansion are the 
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fields of the theory, this is then substituted in the equations given in ( |2.2|) to obtain 
the equations of motion in the component form. Thus to write down the equations 
of motion it is sufficient to know the structure of the algebra. 

The generalized Killing spinor equations 

It is also easy to write down the Killing spinor equations. Let the bosonic generators 
of the algebra be denoted by T a and the corresponding bosonic fields by A a . Similarly 
let the fermionic generators be Gi and. Consider a bosonic solution to the equations 
of motion. Then one has the following equation 

d(A a T a ) + (A a T a ) A (A b T b ) = 0. (2.3) 

Note that in this language the bosonic fields A a are 1-forms. The Killing spinor 
equation is essentially the equation that demands that the background <p a is in- 
variant under fermionic gauge transformations. Let e l be the parameters of this 
transformation, then the equation is is given by 

dip = d^d + A a /[T a , d] = 0. (2.4) 

This is essentially the equation demanding that the covariant derivative in presence 
of the bosonic background A ^ vanishes. The solutions e l are the Killing spinors. 
It is clear that the variation 8ip is a fermionic symmetry of the Lagrangian. By 
demanding Sip = we are looking for general variations with parameters involving 
fermions both with spin 1/2 and 3/2 which leaves the background invariant. This is 
the generalized notion of the Killing spinor in the higher spin theory. It is important 
to note that flatness conditions in ( p.3| ) are the integrability constraints of the Killing 
spinor equation fl2.4p. Thus given that a bosonic background satisfies the equations 
of motion solutions to the Killing spinor equations are guaranteed to exist. However 
we must also the impose the condition that the Killing spinors are periodic with 
respect to the angular co-ordinate in AdS^. This then decides the condition whether 
a given background is supersymmetric. 

The class of superalgebras we will be interested in belongs to sl(N\N — 1). 
However the general conclusion regarding the supersymmetry of a given background 
drawn at the end our analysis applies to any superalgebra. An appropriate basis to 
discuss the sl(N\N — 1) algebra is the explicit matrix representation of the algebra 
given in section 61 of []3~3|| . This is in the Cartan-Weyl basis which is suitable for the 
general analysis of the Killing spinor and the supersymmetric conditions. For most 
parts of the paper we will explicitly study the case of s/(3|2). The bosonic part of 
this algebra is given by s/(3) © sl(2) © u(l). This algebra contains s/(2|l) on which 
(2, 2) supergravity in AdS 3 is based. 
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2.1 The s/(3|2) superalgebra 



In this section we explicitly write down the commutation relations of s/(3|2). We 
obtain this by taking the large central charge and the global part of the M = 2 super 
W3 algebra written down by P7| . This provides evidence evidence that the boundary 
theory of Chern-Simons gravity based on sZ(3 1 2) is a super conformal theory with 
M = 2 super W3 symmetry. 

M = 2 super W3 super conformal algebra contains generators with J, G ± , L with 
spin 1,3/2 and 2 respectively. These generators obey the M = (2,2) superconfor- 
mal algebra among themselves. J is the generator of the R-symmetry, G are the 
supersymmetry generators and L is the stress tensor. In addition to this there is 
also the generators V, U, W with spin 2,5/2,3 respectively. W generates the super 
conformal W3 symmetry. Taking the large central charge limit and the global part 
of the commutation relations of Af = 2 super conformal W3 we obtain the following: 

[J, J] = 0, [L m , L n ] = (m - n)L m+n , (2.5) 

[Kit j Hi] = ( m ~ n ){L m +n + K K?i+n), 

[W m , W n ] = \{m - n){2m 2 + 2n 2 - mn - 8){L m+n + %V m+n ), 
[J,L n ] = 0, [J,V n ] = Q, [J,W n ] = 0, 
[L m , V n ] = (m - n)V m+n , [L m , W n ] = (2m - n)W m+n , 
[V m ,W n ] = f(2m - n)W m+n . 

Here the subscripts m, n on the generators L run from —1,0, 1 while the subscripts 
on the generators W run from —2, —1,0, 1,2. The commutation relations between 
bosonic and fermionic generators are given by 

[L m , Gf] = (> - r)Gi +n , [J, G±] = ±Gf, (2.6) 
[L m , Uf\ = (|m - r)[/± +r , [J, U±\ = ±C/±, 
Wm, Gf] = ±Uf +m , [G± W m \ = (2r - |m)C/± m , 
Wm, K\ = Him - r)U m+r + i(3m 2 - 2mr + r 2 - |)G+ +r , 
W m , U;] = -K(fm - r)U~ +r - |(3m 2 - 2mr + r 2 - J )G' +r , 
[^ + , ^m] = i^(2r 2 - 2rm + m 2 - §)[/+ m 

+ |(4r 3 - 3r 2 m + 2rm 2 - m 3 - 9r + Y^)G r t +m , 
= g(2r 2 - 2rm + m 2 - |)C/- +m 

+ |(4r 3 - 3r 2 m + 2rm 2 - m 3 - 9r + ^m)G,: +m . 



Here the subscripts r, s on G ± run from —1/, 1/2 while the subscripts on the genera- 
tors U run from —3/2, —1/2, 1/2, 3/2. Finally the anti-commutation rules between 
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the fermionic generators are given by 



{Gf, G*} = 2L r+s ± (r - s)J, {G± Gf} = 0, (2.7) 
{G± L/?} = 2W r+s ± (3r - S )K +S , {Gf, Uf) = 0, 
{[/+, U'} = -§«(r - s)^ r+s + (3s 2 - 4rs + 3r 2 - |)(|L r+s + f V r+S ) 
+ l(r-s)(r 2 + s 2 -l)J r+s , 

{U±,U±} = 0. 

On taking large central charge limit of the non-linear terms in the super W3 algebra 
drop off and we obtain where k = ±(5/2)z. We have verified that all the Jacobi 
identities of this algebra are satisfied using the Quantum add-on for Mathematica 

0- 



To see that the bosonic part of the algebra given in (|2.5| ) is given by the direct 



sum sl(3) © sl(2) © u(l), we define the following linear combinations of generators 
T+ = ~(L m + 2iV m ) T~ = i(4L m + 2iV m ). (2.8) 



Substitituting these redefintions in (|2.5|) we obtain 

[T+,T-] = 0, [T+,W n } = 0, (2.9) 

and the can show that the generators obey the sl{2) algebra while the generators 
T~, W m obey the commutation relations of the s/(3) algebra given by 

[T-,T~] = (m-n)T- +n7 [T~,W n ] = (2m - n)W m+n , (2.10) 

[W m , W n \ = — (m - n){2m 2 + 2n 2 - mn - 8)T" +n . 
lb 



Note the comparing the si (3) algebra given in equation (A. 2) of [I8| we see that the 
parameter a defined in those equations is equal to (3/4) 2 . Now that we have the 
explicit s/(3|2) algebra we can proceed to obtain solutions to the equations of motion 
and study their supersymmetry. The traces of the product of any two of the si (3) 
generators is the same as that of equation (A. 3) of [JU with o = (3/4) 2 , while for 



the si (2) we use the the representation in terms of the Pauli matrices. 



3. Supersymmetry of classical solutions 

In this section we begin by describing the general strategy we adopt to find the Killing 
spinors for the various backgrounds considered in this paper. We reduce the Killing 
spinor equation to essentially a set of ordinary first order equations with constant 
coefficients which can then be easily solved. In section 3.2 we construct the general 
higher spin conical defects in the sl(3\2) theory. These solutions in general have fields 
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in the sl(3) © s/(2) ffiw(l) directions. We then solve the Killing spinor equations and 
determine the supersymmetric conditions for the supercharges with u(l) charge in 
one copy of sZ(3|2) in the Chern-Simons theory. This analysis can be generalized for 
the remaining charges. We also determine special points in the parameter space of 
conical defects which reduce to AdS^. In section 3.3 we study the supersymmetry of 
black holes in this theory. This includes the usual BTZ black hole embedded in s/(2), 
the higher spin black hole of ]Tj| embedded in sl(3) along with the w(l) turned on. 



We also construct a new black hole solution which has charges in sl(3) ©s/(2) ©ii(l) 
and study its supersymmetry. 

3.1 General strategy to obtain the Killing spinors 

The gauge connections which will be of interest in this paper has the generic form 
as follows 

A =[J2 ^ mp T~ + s m e mp T+) + J2 {w m e mp W m ) + £ J j dx + 

\m=— 1 m=—2 / 

- iJdx~ + (T+ + T )dp. (3.1) 

where x ± — t ± <fi and p, t, <p are the radial, time and the angular co-ordinates of 
the three dimensional spaces we consider. The connection in (|3.1|) obeys the flatness 
condition. The general form of the connection can be conveniently written as A = 
a™e^ p T n . T n being a bosonic generator of the superalgebra. Negative weights of the 
generators with respect to T + + T ~(= L Q ) appear in the exponential factors. For 
example, we have terms like w^e 2p W2 and t^ 1 ^e^ p T^ l . 
The Killing spinor is given by 

(d^ r )G r + e a A b ^[T b ,G a ] = 0. (3.2) 

[Tfe, G a ] is again some linear combination of the fermionic generators which we can 
write as fb ac G c . Here fb ac are the structure constants of the superalgebra and b is a 
bosonic index while a and c are fermionic ones. Substituting for the commutation 
relation in (|3.2| ) we obtain the following equation 

{d^)G r + e a A b J bac G c = 0, (3.3) 

Now defining the matrix (M M ) ac = A^fbac we finally arrive at the matrix equation. 

d,e c + (M,) c a e a = 0. (3.4) 

Our task now is to solve ( p.4|) . In order to do this we make the following ansatz for 
the solution. 

e = H(p)e&-f(x + ), (3.5) 
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where TZ(p) is a square matrix which is given by 



TZ(p) 



(e~ p l 2 

ePl 2 

e- 3p / 2 

e~ p ' 2 



\ 



\ 







e p ' 2 
e 3 "/ 2 



(3.6) 



has the form 



This ansatz solves the p dependence because the matrix ^»„„ 
Diag(l/2, -1/2, 3/2, 1/2, -1/2, -3/2). 

For connections of the type (|3.1|) we have the following property: 



1Z (p)M M 7£(p) is independent of p 
This can be seen by considering the definitions of M M and IZ(p). We have 



(3.7) 



(e-^ p 6 ea ) (f bac a^ p ) (e^ p 5 cd ), 
e - ia+b -c) P6e j cdfbacab 



(3.8) 



As mentioned earlier, negative weights of the corresponding generators appear in the 
exponential factors. Note that we have [T b , G a ] ~ G a+b , therefore f bac is non-zero 
only when a + b = c. This removes the p dependence from (|3.8j ) and proves (3.7). 
We then have 

n^^) ac n od = f bed a b fl . (3.9) 

f(x + ) in ( |3.5| ) is a column vector which solves the x + dependence of the Killing 
spinor. Using the property ( |3.7| ) in the + component of the Killing spinor equation 
(|3.4]) we obtain 

d+f(x+) + [^- 1 (M + )^]/(x + ) = 0. (3.10) 

Now let Aj be the eigenvalues of the constant matrix 7£ -1 (M + )7?., then the solution 
for the above equation is 

~ Ci e- X ^z i} (3.11) 



where z, is the eigenvector of 7£ -1 (M + )7?. corresponding to the eigenvalue Aj. 

Finally the x_ dependence of the Killing spinor is captured by the simple factor 
e^ x ~ . This is due to the fact that (M_) cd = — £5 cd . 



3.2 Conical defects 

Metric and gauge connections 



We shall generalize the solution of [19j to include the spin-1 gauge field corresponding 
to the generators J and the additional spin-2 field corresponding to the generators 
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V. We start with the 1-forms, written in terms of the decoupled generators, T + and 
T~ as defined in 



A =(e _ "(5_iTii + ePSxT? + e'^^T^ + e^Tf + e" Yi^-i + e'TftWi + ^ J)dx+ 

- iJdx- + (T - + T + )dp, (3.12) 
A — — (e- p 5_iT+ + e^T* + e^/LiT-f + e^T^ + e -p 7j_iWi + e^WLi - £J)daf 

- £Jdx+ - (T _ + T+)dp. (3.13) 

Note that here we have chosen the same notations to label the generators in the 
second copy of s/(3|2) . Since, A and A are linear combinations of the tetrad (e) 
and the vielbein (u) [32|], we can extract them from the above. The non-zero 
components of the tetrad turn out to be 

e p — L , 

e+ = \{e- p 8^T^ + e^Tf + e^/UT^ + e'ftTf + e'Vi^-i + e%^i), 
e_ = i(e-^_ 1 T+ + e"5iT+ + e"^_iTr + ef^Tl, + e^fj^Wt + e%W_i). 

(3.14) 

The metric is given by the following formula. 

S> = — str(e^), (3.15) 

6 (3|2) 

where e( 3 | 2 ) = str(Lg) = str(T + +T ~) 2 . Evaluating it explicitly we obtain e( 3 | 2 ) = 3/4. 
By choosing this normalization we have chosen the gravitational si (2) to be the those 
corresponding to the generators L±, Lq. From the commutation relations in ( j2.5|) and 
( |2.6| ) we see that it is under these generators that all fields have well defined weights. 
From the super W3 conformal field theory point of view these are the modes which 
are part of the stress tensor of the theory. One then obtains 

9pp = 1, 

g ++ = -§(/3i/3_a - ~ |<*iM, (3-16) 

We now demand g ++ = g This results in the following equations 

S±i = C^ii, P±i = C ±1 /5±i, V±i = ^Vi- (3-17) 
where ( is constant. g ++ and g now become 

9±± = -| W-i - - 1^-1), (3-18) 

and g + - has the form 



9 + - =\ (-- (p\ - - ¥\) e- 2p - c {pi - M - ¥1) e 2 ") 



(3.19) 
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The metric then in terms of the (p, t, <fi) coordinates is as follows. 



ds 2 =dp 2 

~ I (C(0i - M - ¥1)^ + 2(A0-i - iviV-i - frS-i) 

+ 1 (c(0 2 - M - - 2 (0i0-i - foiv-i - 

We now need to impose the fact that g tt and need to have a (■ ■ • ) 2 form. The 
results in the following equation 



This imposes the conditions 

<5_i = aSi, /3_i = a/3i, = arji 



^r/_i - ±M-i) 2 (3.20) 



(3.21) 



Defining 5 = 5i, (3 — f}\ and rj — rji, the final form the metric with these conditions 
is 



(^+^i v -(^'-M 



By redefining p as p — > p — | log (-) we can write ( |3.22|) as 

ds 2 =dp 2 - if^(/3 2 - (|?7) 2 - (±5) 2 ) [(sinh 2 p)cft 2 - (cosh 2 p)# 2 ] . 
Killing spinors for the higher spin conical defect 



(3.22) 



(3.23) 



The equation for the covariantly conserved spinor (|2.4j ) is 

V^X = d^X + [A„ X] = 0, 

where A is given by 

1/2 1/2 3/2 3/2 

r=-l/2 r=-l/2 r=-3/2 r=-3/2 



(3.24) 



(3.25) 



From the analysis of the previous section the gauge connection for the higher conical 
defect is given by 

A = (atfe-Tii + 5e p T+ + a/3e- p T^ + 0e p TZ 1 + arje^W^ + ?/e% + £J)dx + 

— (,J dx~ + L Q dp. (3.26) 
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where Lq = + T . We will study the supersymmetry of only one copy of the 
(sl(N) © sl(N - l)ffiw(l)) L x (sl(N) © sl(N - 1) ®u(l)) R Chern-Simons theory. A 
similar analysis can be repeated for the second copy. 

Writing out the components as in ( |3.1|) (but with the exponential factors) of this 
connection explicitly we have 

(3.27) 

1° = 1 



u 


= f , j- = 






- 1 = a5e~ p , 


s\ = 5e p , 


*; 


1 = a pe~ p , 


f + = ?e p , 


w 


7. = ar]e~ p , 


wl = i]e p 



where, t and s are the components corresponding to the generators T + and T~ 
respectively. Written explicitly, the equation ( |3.24j ) for the components and 
is given by 

e i/a 

A-3/2 

A-i/2 
A 1 / 2 

V a 3 / 2 y 



470-2Z0 
(s_i-t_i)+2tu_i 
f 



4i(si— ti)+3ii)i 


4jo+6/ 

^(s_i-i_i)-6w_i 8«i+4ti-6itoi 



(si— ti)— 3u>i 

4. 



(si — ii)+6«n 


A-3/2 

A-1/2 
A 1 / 2 

V a 3 / 2 y 





(si— ii)— 2t«i 



■7jS_i — gt_i+2iio_i 

4jo+2«o 
16 „. 1 8 , 



f (s_l-t_l)+3«)_ 




-fs-i-f*-i 

4j -2Z 
si + |ti+2irui 





4i(s_i— t_i)— 3u)i 



— 8s_ 1— 4t— 1— 6iw— 1 
4jo-6Zo y 



(3.28) 



The x + dependence of the column spinor above is determined by the eigenvalues 
of the TZ~ 1 (p)M. + TZ(p) matrix. The solutions are of the form 

e l/2 
A-3/2 

A-1/2 

A l/2 

V a 3 / 2 y 

+ rf 3 e^( 5+2 ^- ( ^ )2 ) 1/ > + z 3 + d4e -^( ,+2 (^i") a ) 1/a ) a 

iV^f5-2(/3 2 -(|^) 2 ) 1/2 )x + -iv^f<5-2(/3 2 -(|»7) 2 ) 1/2 )x + 

+ a 5 e v v y / z 5 + d 6 e V v ' J z 6 ). 

(3.29) 



Zl 
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The matrix 1Z has the p dependence as in ( |3.6| ). 

The preceding discussion allows us to fix the value of £ in so that we can impose 
proper periodicity conditions on the Killing spinor. The possibilities are the following: 

2£ = ±iyfa6 + in, (3.30) 
2£ = (5 ± 2(/3 2 - (f ??) 2 ) 1/2 ) + in. (3.31) 

where n is any integer. 

One can also examine the Killing spinor equation for the G~ and U~ components. 
On performing the same analysis as above it is found that the component u(l) gauge 
field, £ has to be complex in order to impose proper periodicity requirements. Since 
this is not allowed, there are no Killing spinors corresponding to conjugates of the 
G~ , U~ charges. 

We will now show that at special values of the parameter space, the general 
higher spin conical defect reduces to well known solutions. 

Supersymmetry of conical defects in sl{2) 

Embedding the conical defect solution only in the sl(2) © u(l) sub- algebra we have 
the following gauge connections 

A = (e p T+ + |e-"Tji) dx+ + T+dp + 2£Jd(f), (3.32) 
A — — (e p T+ x + |e- p T+) dx + - T+dp + 2£ Jdxj>. 

Note that this gauge connection is a special case of the higher spin conical defect 
with a = 7/4, 5 = 1 and — rj — 0. 

One can perform a gauge transformation A — > U~(A + d)U with U = e pT ° on 
the connection fl3.32j ). The new connections are then of the form 

A = [e p T+ + ^e~ p T+^j dx+ + (T+ + T )dp + 2£Jd<j>, (3.33) 
A — - (e p T+ 1 + ^e- p T+^j dx+ - (T+ + T^)dp + 2£Jd(j). 

where, for A we have used the transformation by U = e~ pT ° . Now the gauge con- 
nections are of the general form given in ( |3.1|) . 

The equation for the covariantly constant spinor is 

V^X = d^X + \Ap, X] = 0, (3.34) 

where A is given by 

1/2 1/2 3/2 3/2 

A EE e r G++ ~t r Gr+ XV r + ~ XV r- ( 3 " 35 ) 

r=-l/2 r=-l/2 r=-3/2 r=-3/2 
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The analysis for the Killing spinor performed for the case of the higher spin conical 
defect can be repeated. The solutions of the components of the generators G ± , 
are of the form 

e l/2 
A-3/2 
A -l/2 
A l/2 

V A 3/2 J 



U{p) e' 



± 



e 2 



"(dizi + d 2 z 2 + d 3 z 3 ) + e" 



(rf 4 Z 4 + d 5 Z 5 + d 6 Z 6 ) 



(3.36) 



Zj are the eigenvectors of the 6x6 matrices which appear in the Killing spinor 
equation. The p dependence in contained in the matrix 7Z(p) given in ( |3.6| ). 

In order to impose proper periodicity requirements on our Killing spinor, we 
need to set, 



F = ±1 h in. 

4 



(3.37) 



Note that this condition coincides with the condition found for Killing spinors in 



23]. Since there is a pair of eigen values with degeneracy 3, we will in general have 



K(p) [e l 2 {dxi. x + d 2 z 2 + d 3 z 3 ) + e 1 2 (d 4 z 4 + d 5 z 5 + d 6 z 6 



3 Killing spinors which will satisfy the periodicity condition. 
Supersymmetry of Anti-deSitter space in sl(2) 

For the case of AdS$ one can perform the same analysis with 7 = 1. As expected, 
it can be seen that one does not require the u(l) gauge field and one can obtain 
anti-periodic Killing spinors. The solution for the Killing spinors for this case is 

e l/2 
A-3/2 

A- 1 / 2 v / ± 

A l/2 

\ A 3/2 j 

(3.38) 

The p dependence of the Killing spinor remains the same as the one for the conical 
defect. 

Supersymmetry of conical defects in the gravitational sl(2) 

The metric for the conical defect embedded in the gravitational si (2) , which is 
generated by the L m generators written in Feffer man- Graham coordinates is 



d s 2 = dp 2 - (e p + je~ p y dt 2 + (e p - |e" p ) 



(3.39) 
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This can be equivalently written in terms of the gauge connections 
A = (e p Li + Je~ p L_i) dx + + L dp + 2£J d4, 



A = - ( e p L_i + ^e- p L l ) dx + - L dp + 2£ J c 



(3.40) 
(3.41) 



Note that this connection is the special case of ( |3.26| ) with (3 = 5 and rj = 0. These 
connections and the metric reduce to that of global AdS by setting 7 = 1 and £ = 0. 
The connections in terms of the components are 



7 



3- 



3- 



(3.42) 



the other components are zero. 

The equation for the covariantly conserved spinor is 



V^X = d^X + [Ap, X] = 0, 



(3.43) 



where A is given by 

1/2 

A = 



3/2 



(3.44) 



1/2 3/2 

E E ? G r+ E yU r+ E ^ 

r=-l/2 r=-l/2 r=-3/2 r=-3/2 

For this case of the gauge connection ( |3.40| ) the Killing spinor equations for the Gf 
and Uf- decouple. The equations for the G±y 2 components can be written as matrix 
equations as follows 



,1/2 



5 



The solutions are given by 

-1/2 
,1/2 



,1/2 



0. 



(3.45) 



K(p) e^ {x — x +\c 1 e i ~ x+ y 1 + c 2 e- l ~ x 



Y2j 



; v / 7 / 



Y2J 



(3.46) 



-It 



where, y 12 are the eigenvectors of the matrix 7?. 

peraing the equation Q3.45D ) and TZ(p) is a diagonal matrix having the p dependence 



KM". ^ 
The equations for the {/+ generators can be written as 



9„ 



^ being the matrix ap- 
r ing the p depen 

(3.47) 



/A- 3 / 2 \ 




A(2j° + 3/°; 







\ 


/a- 3 / 2 \ 


A-1/2 


+ 




i(2j°+a 


-2/" 1 





A-1/2 


A l/2 







2/ 1 


i(2i°-a 




A V2 


\ a 3/2 y 




V 





11 




\ A 3/2 ) 



0. 



(3.48) 
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The solutions are given by 



A l/2 

\ A 3/2 J 

= TZ 2 (p) e^ x - x+ \d 1 e i ^ x+ z 1 + rf 2 e-^ x+ z 2 

+ d 3 e l 2 x + Z3 + d 4 e 1 2 x +z 4 ), 

= TZ 2 {p) e- 2 ^{d 1 e i ^ it+ ' l,) z 1 + d 2 e- l ^ {t+ ^z 2 

+ d^ 2 (*+^z 3 + d 4 e- 4 ~ ( * +</,) z 4 ). (3.49) 



The matrix 7^-2 has the p dependence 



/ e -3p/2 \ 

e-^ 2 
e^ 2 
y e 3 ^ 2 ^ 



(3.50) 



We thus get 6 independent Killing spinors. The condition which we get on demanding 
the proper periodicity of the spinor is 



t = ±x— + in, 
4 



or P = ±3i— + in. 

4 



(3.51) 



Thus, on embedding this conical defect in the si (2) corresponding to L ,L± we see 
that there are 4 eigenvalues out of which there are 2 doubly degenerate ones. In fact 
these two match with that given in ( [3.37D which also agrees with p3 |. 

The Killing spinor equations for the G~ and U~ components of also form a set of 
6 coupled equations. These equations are the same as the above with the replacement 
jo — > —jo or £ — > —(—£). Thus, they admit same solutions as given in (|3.46|) and 
( p.49|) with different arbitrary constants 



Supersymmetry of anti-de Sitter space in the gravitational sl(2) 

Let us now turn to the case of global AdS$ embedded in the gravitational sl(2). 
This is a special case of the conical spaces embedded in the gravitational si (2) with 
7 = 1, £ = 0. The metric in terms of the Fefferman- Graham coordinates is 

ds 2 = dp 2 - (e p + ^e- p \ dt 2 + (e p - ^e~ p \ df z '. (3.52) 
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This can be equivalently written in terms of the gauge connections 

A = (Wi + ^e~ p L^ dx + + L dp, (3.53) 
A — — [e p L^ + \ e ~ PL i^j dx + - L dp. 

The solutions are given by 

/ f -l/2\ i i 

( e i/ 2 ) =nP)(c 1 e2 x +y 1 + c 2 e-2*+y 2 ), 

= K(p) ( Cl ef ( ^yi + c 2 e-2^y 2 ), (3.54) 

and 

/A- 3 / 2 \ 

A -i/2 
y A 3/2 / 



n 2 (p)(d 1 e2 x+ z 1 + d 2 e z x+ z 2 + d 3 e 2 X+ Z3 + d 4 e 2*^4) 



= ft 2 (p) (d ie 2(*+*) Zl + d 2 e-2(* + «z 2 + d 3 e2^Z3 + d 4 e" 2 (t+ ^Z4). 

(3.55) 

We obtain 6 independent Killing spinors which are anti-periodic corresponding to 
the and [/+ generators. Similarly performing the same analysis it is easy to see 
that one obtains 6 independent anti-periodic Killing spinors corresponding to the G~ 
and U~ generators. 

The holonomy of global AdS s embedded in the gravitational si (2) can be shown 
to be trivial. Thus this background corresponds to the supersymmetric vacuum in 
the Neveu-Schwarz sector of the dual CFT. 

3.3 The BTZ black hole 
The BTZ black hole in sl(2) 

We now examine the supersymmetry of the connection corresponding to that of the 
BTZ black hole embedded in the si (2) part of bosonic algebra s/(3) © si (2) © u(l). 
The connections are given by 

A = (e p T+ - ^Ce- p T+^j dx + + T+dp, (3.56) 
A — — (Vt+ - ^Ce-fT^j dx- - T+dp, 



where 



C= M-J_ £ = —j— (3.57, 

4lX 4lX 
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We shall make a gauge transformation A — >■ U (A + d)U to the above connections 
with {7 = e pT ° for A and {7 = e~ pT ° for A. This gives 



A = (e p T+ - ^-Ce- p T+^j dx + (T+ + T )dp, 

lx~-(T+ + T )dp. 



(3.58) 



2tt - 

A = - [ <"1\ - —£.< 'T- 



(3.59) 
(3.60) 



Now the connection is of the general form given by (J3T 

For the extremal case (M = J) we have, £ = and therefore the connection A 
becomes 

A = e p T+dx + + (T+ + To)dp. 
The equation for the Killing spinor is as follows 

V^X = d^X + [An, X] = 0, 

where A is given by 

1/2 1/2 3/2 

r=-l/2 r=-l/2 r=-3/2 

Written explicitly in form of a matrix equation the ( 
for the component of the generators and as 



(3.61) 



3/2 
r=-3/2 

760]) reads for the p component 



e i/2 

A -3/2 

A-1/2 

A l/2 



+ 



(\ 
-i 
§ 

o o I 

-] 
\0 



o \ 








e l/2 

A-3/2 
A-1/2 
A i/2 



(3.62) 



and for the + component 



^4 



/e-V2\ 




e V2 




A-3/2 




A-1/2 


+ 


A l/2 





/ o 

_\ 

3 






2i 
3 



V o 

The solutions are then of the form 









2i 



1 





-§/ 


V A 3/2 / 


o o\ 











e l/2 







A-3/2 







A-1/2 







A l/2 


5°/ 




V A 3/2 / 



(3.63) 



/e-V2\ 






e l/2 




2 C 


A-3/2 







A-1/2 




c 3 e^/ 2 


A l/2 




c 2 e^ 2 


V a 3/2 y 




V c ie 3 " /2 / 



(3.64) 
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Thus there are 3 linearly independent Killing spinors corresponding to the super- 
charges with positive J charge for the extremal BTZ embedded in the s/(3|2) theory. 

The BTZ black hole in gravitational sl(2) 

When 3-dimensional gravity is described by a Chern-Simons theory, the BTZ black 
hole is given by the connections 



A = ( e p L x - ^£e^L_! ) dx + + L dp, 



(3.65) 



where 



M- J 



M + J 



(3.66) 



47T 47T 

For the extremal case (M = J) we have, C = and therefore the connection A 
becomes 

A = e p Lidx + + L dp. 



Thus the fields conjugate to the generators are 

l° p = 1 , l\ = e p . 
The equation for the covariantly conserved spinor is 

V li \ = d li \+[A li ,\] = 0, 

where A is given by 

1/2 1/2 3/2 

r=-l/2 r=-l/2 r=-3/2 

The equations for the generators can be written as 

-l/2\ /l/OoO _l 7<A 7-1 



(3.67) 



(3.68) 



(3.69) 



9, 



+ 



2 (2j°+a -£ 
-c i(2j°-a 



3/2 
r=-3/2 



-1/2 



(3.70) 



,1/2 



(3.71) 



while that for £/ + generators are 



A-3/2\ /|/o oo o \ /a- 3 / 2 \ 



9„ 



A-V2 

A l/2 

y A 3/2 y 



o 2zj-|z; o 



l\ 

h 1 






3-Z / 

2W 



A-i/2 
A i/2 
V A3/ 2/ 



(3.72) 
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and similar equations for e and A with the replacements e — > e and A — > A. The 
solution of these which obeys the proper periodicity requirements given by 



-1/2 
e l/2 

/a- 3 / 2 \ 

A -l/2 
A V2 

y A 3/2 / 



o 

/ \ 




\De p ' 2 J 



r l/2 
~l/2 



/a- 3 / 2 \ 

A-i/2 
Ai/2 

y A 3/2 y 





Ce p ' 2 

( \ 




\De p l 2 J 



(3.73) 



(3.74) 



The solution ( |3.73| ) matches with the one given in [23 



3.4 Higher spin black holes 



We shall consider black holes with spin-3 charge recently obtained in ||18[ . The 
connections are given as 



k 2ka 



l 2oTT/ 4vr£ TIA 4vr 2 £ 2 
f /x ( e 2p W_ 2 - — W + 



AjrVO \ 

e- 2p W 2 + —^e~ p TZ l J dx~ + 2£ Jdcf> + L dp, 

(3.75) 



.4 - ( e p T- - ^Ce- p T- + -^-We- 2p W_ 2 ) dx A 
k 2ka 



ft (e 2p W. 2 - —Wo + -j^e~ 2p W 2 + —e~ p TZ x J dx~ + 2£Jd<f) - L dp, 

(3.76) 



where L = T + + TZ and o = (3/4) 2 . These differ from the connection of |1| by a 
gauge transformation U = e pT o and also contains a gauge field in the u(l). 

We shall consider the supersymmetry of the black hole with W = and [i = 
but VV ^ and ft ^ 0. The equation for the Killing spinor is as follows 



V^X = d^X + [Ap, A] = 0, 



(3.77) 



where A is given by 



1/2 1/2 3/2 3/2 

A= er °r+ Yl rG r + Yl ~ XV r 

r=-l/2 r=-l/2 r=-3/2 r=-3/2 



(3.78) 
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Written explicitly in form of a matrix equation the ( ft .77 ) reads 


















o \ 






e l/2 







1 

2 













e l/2 


A-3/2 










fo 










A-3/2 


A-i/2 


+ 








OJ 










A-i/2 


A l/2 













1 

2 







A V2 


^ a 3/2 y 




\o 











2/ 




V a 3/2 y 



= 0, (3.79) 



9 4 



/e~ 1/2 \ 

e V2 
A-3/2 

A-i/2 

A l/2 



/ P Mil 



4 
3 

4t£7T 

3A; 



2i 
3 





8£7T 

3fc 





i 

o i 

u 3 

^ 3k 



3k " ? 

o o I 

f 



2i£7i 
3fc 





8£tt 
3fc 

2 
3 



o \ 

2iCir 



k 





4£tt 
fc 



e l/2 
A-3/2 

A-i/2 

A V2 



0. 



(3.80) 







/ 
















o \ 






e l/2 









-i 
















e l/2 


A-3/2 












-i 













A-3/2 


A-i/2 


+ 













-t 










A-i/2 


A l/2 


















-t 







A l/2 


V A 3/2 j 




V 

















-u 




V A 3/2 / 



(3.81) 



The solutions to these equations are given as 



e V2 
A-3/2 
A-i/2 

A l/2 



(3.82) 



where, 7Z(p) is given in ( |3.6| ) and 

/+(*+) = e-(- 2 VW^> +{cm + C2 y 2 ) + e -( 2 V^+^ +(c3 y 3 + Qy4) 

+ e-^ + (c4y 4 + c 5 y 5 ). (3.83) 

yi are the eigenvectors of the matrix that appears in the + component of the Killing 
spinor equation. As usual the X- dependence is 



/-(*-) 



(3.84) 
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The value of the u(l) field for which we get the proper periodicity of the spinor is 



2w£ n 
t = ±yj—, or t = i-. (3.85) 

From degeneracy of the eigen values in (|3.83| ) we see that in general we can have two 
Killing spinors for a given £ satisfying any one of the conditions in ( |3.85 ). 

A new higher spin black hole with a BTZ embedding 

We shall now try to generalize the gauge connection ( |3.75| ) by including terms which 
involve the si (2) corresponding to the T^,T ~ generators. This solution is same as 
the one given in ( |3.75| ) but with the si (2) connections of BTZ the black hole added 
to it. It may thus admit a notion of the horizon. The connection is given as follows 
and we have verified that it obeys the flatness conditions. 

(2-7T 7T ?7T \ 

e p T- - —L x e- p TZ x + ^We^W^ + e p T+ - —C 2 e- p T\ dx + 
k 2ka k J 

+ /i [e 2p W 2 - ^W + ^p-e- 2p W_ 2 + ^e- p TZ^j dx~ + 2£ J#, 
+ (T -+T+)dp (3.86) 
A — — (e p T- - ^C ie -PTZ 1 + 7^We~ 2p W_ 2 + e p T+ - ^£ 2 e^T+^ dx + 

- ft [e 2p W 2 - ^W + ^p-e~ 2p W_ 2 + ^e- p TZ?j dx~ + 2£Jd<i>, 

- (T- + T+)dp. (3.87) 
with a = (3/4) 2 . The metric due to the above gauge connections is 

ds 2 = dp 2 -3( pe 2p dx- + ^ W + ^pCje- 2p dx + ) 
\ 18k k J 

x ( pe 2p dx~ + + ^-pC^dxA 

\ 18k k J 

4 / 2-n - 4ir \ ( 2-n 4ir 

- - e p dx + - —C ie p dx- + — pWe~ p dx + e p dx + - —L x e p dx~ + — pWe~ p dx^ 
3 \ k k J \ k k 

f — J (pC\dx~ + pC l dx + ) 2 (C 2 (dx + ) 2 + £ 2 (dx~) 2 ) 

A \ k J 3k 

+ i {^e 2p + {^j C 2 C 2 e~ 2p ^ dx + dx~ (3.88) 

We shall again consider the supersymmetry of the black hole with W = and \x = 0. 
The equation for the Killing spinor is given by 

X? M A = d^X + A] = 0, (3.89) 
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where A is given by 



A 



1/2 
r=-l/2 



1/2 3/2 3/2 

r=-l/2 r=-3/2 r=-3/2 



(3.90) 



Written explicitly in form of a matrix equation the Q3.8S ) reads 





















o \ 






e l/2 







1 

2 
















e l/2 


A-3/2 










3 
2 













A-3/2 


A-i/2 


+ 











1 

2 










A-i/2 


A 1 / 2 
















1 

2 







AV2 


^ a 3/2 y 




\o 














2/ 




V A 3/2 / 



(3.91) 



d 4 



(<rW\ 

e V2 
A-3/2 

A-i/2 

A l/2 



+ 



i 

4i7r(£i- 



£ 2 ) 



3c 







2tt(4£i-£ 2 ) 
3c 



4ra-(£i-£ 2 ) 
3c 










2tt(2£i- 



£ 2 ) 



3c 

2 




2t7r(£i-£ 2 ) 
3c 




4tt(2£i- 



-£ 2 ) 



3c 

1 



o 

2t7r(£i- 



(3.92) 



•60 






2tt(2£i+£ 2 ) 



/e" 1/2 \ 

e l/2 
A-3/2 

A-i/2 

A l/2 

V A 3/2 J 



/e-V2\ 




( 


-t 














o \ 






e V2 









-i 
















e V2 


A-3/2 












-i 













A-3/2 


A-i/2 


+ 













-i 










A-i/2 


A i/2 


















-i 







Ai/2 


V A 3/2 J 




\ 

















-u 




V A 3 / 2 J 



The solutions to these equations are given as 



e V2 
A-3/2 

A-i/2 

A l/2 



n{p)f + {x+)u(x. 



(3.93) 



(3.94) 
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where, TZ(p) is the square matrix in (|3.6| ) which contains the p-dependence. The x + 
and X- dependent pieces are as follows 



f + (x + ) =c 1 e-(-^ F+ ^y 1 + c 2 e-^ + ^y 2 + c^^ + ^ + ^ 



+ c 6 e- { ^^ +2 ^ r+ ^+y 6 , (3.95) 

yi are the eigenvectors of the matrix that appears in the + component of the Killing 
spinor equation. 

/_( x _) = e « x -. (3.96) 
The value of the u(l) field for which we get the proper periodicity of the spinor is 



For the case of the black holes in this paper we have explicitly solved the Killing 
spinor components of and The same method can be employed to solve for 
the components of the G~ and U~ generators as well. Note that for the higher spin 
black holes we solved the Killing spinor equations with W = ji — 0. One can in 
principle solve the Killing spinor equation with these turned on. 



4. Supersymmetry and holonomy 

In this section we show that the periodicity conditions for the Killing spinor which we 
have obtained by carefully solving the equations explicity can be written in terms of 
a condition on the holonomy of the gauge connection around the angular <p direction. 
We state the condition for a general gauge connection belonging to the sl(N\N — 
1) superalgebra. We show that whenever the holonomy of the u(l) part of the 
connection along with eigenvalues of the rest of the background holonomy weighted 
with the odd roots of the superalgebra becomes trivial then the Killing spinor is 
periodic. We then explicitly verify that this condition reproduces the equations ( ft.30|) 



and ( 3.31 ) we find for the higher spin conical defects in the s/(3|2) algebra. We then 
proceed to combine the supersymmetry requirement along with the requirement that 
the holonomy is smooth to check if higher spin supersymmetric conical defects are 
smooth in the sZ(3|2) theory. 
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4.1 Killing spinor periodicity as a holonomy 

The equation for the covariantly conserved Killing spinor satifies the equation given 
by 

V II e = d fl e+[A ll ,e]=0. (4.1) 

Here e = e l Gi is a linear combination of the fermionic generators. = A^T a are 
the connection one forms valued in the bosonic part of the algebra. It is convenient 
to choose the fermionic generators in the Cartan-Weyl basis of the superalgebra. For 
definiteness we can work with the supergroup sl(N\N — 1) but the discussion can 
be easily generalized to any superalgebra. In the Cartan-Weyl basis, the generators 
satisfy the following conditions: let H r be the Cartan's of the superalgebra and J be 
the i7(l). Then we have the commutation relations 

[H^G^a'd, [J,G i ] = ±G i , (4.2) 

were a\ is the rth component of the odd root on. As mentioned in section 2 we see 
that the integrability condition for the Killing spinor equation is satisfied since the 
background gauge field satisfies the equation of motion. We can therefore solve the 
equation in ( |4.1| ) formally by writing the solution as 

e( x ) = V(e f *o A ^)e(xo)V(e- f *o A ^), (4.3) 

where xo is a base point and e(xo) is a constant spinor and V refers to the path 
ordered exponential. To determine whether the spinor is periodic we can consider 
x = (p, t, 2tt) and x = (p, t, 0) and the integral is along the constant time circle in 
the angular direction. For all the solutions considered in this paper, the holonomy 
along this circle reduces to the form 



Hol (A) = exp((j) A^dx^) =b 1 (p) exp (j> , 



b(p), (4.4) 



where b(p) is the matrix which contains the p dependence. The connection is 
constant and can be easily integrated. Since it is a sum of the bosonic generators we 
can write it as 

exp (Jxi^dcyj = S- 1 exp(27r(A r 77 r + 2£J))S, (4.5) 

where S is the similarity transformation which brings the constant holonomy in the 
diagonal form. Now substituting the equation ( |4.5|) in the solution of the Killing 
spinor given in (|4.3|) we find the periodicity of the spinor is determined by 



e(p, t, 2tt) = r 1 5- 1 e 2 " (A '^ +5J) 56(p)e(p, t, 0){r 1 (p)S-V 2 " {Ar ^ +2§J) Sb. (4.6) 

Since the Cartan-Weyl basis G l for fermionic generators is complete we have the 
relation 

Sb(p)e(p, t, 0)b-\p)S- 1 = e(p, t, 0) = e*(p, t, 0)G t . (4.7) 
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From the commutation relations given in ( f4.2|) we find 

Now substitute equations ([4.7|) and ( |4.8D into the periodicity equation for the Killing 
spinor given in (|4.6|) and consider the case in which say any one of the e l is turned 
on and the rest set to zero. Then we see that the spinor with e* along the generator 
G l is periodic if the following condition is true 



AX ± 2£ 



in. 



(4.9) 



where n is any integer and r is summed over the Cartan directions other than 
the U(l). Note that the sign ± depends on the sign of the commutation relation 
[J, G % \ = ±G l . Thus we find that periodicity property of the Killing spinor along 
the direction can be generally stated in terms of product of the holonomies of 
the background connection with the odd roots of the superalgebra. The number of 
supersymmetries preserved can also be found easily by checking how many among 
all the fermionic directions labelled by i satisfy the condition ( |4.9| ). 

We will now verify the general equation we have derived in ( |4.9|) for the spe- 
cific situation of higher spin conical defects in the sZ(3|2) theory. From the gauge 
connection in ( |3 . 1 2|) we obtain 



a = <LiT+ + 8 X T+ + P^TI, + + r^W^ + i) X W x + 2£J. 

We now use representation of the matrices for s/(3) given in [[T?| with a 
the following representation for sl(2) in terms of the Pauli matrices 



n 



%a 2 ) 



ia 2 



Then the eigenvalues of the sl(3) © sl(2) part of the matrix 
part is given by 



± n 



(4.10) 



;|) 2 and 



(4.11) 



along with the u(l) 



Sa^S 



-i 



Diag 



2i J a {p* - (3^)2) , o, -2i J a - (fr/) 2 ) , iyfaS, -iyfa5 



+ 2£J. 
(4.12) 

We will now write this as a linear combination of the Cartan's of s/(3|2). From the 
appendix which lists the generators of sl{N\N — 1) we find that ( |4.12| ) can be written 



as 



Sa^S- 1 = 2t^/a(/3 2 - (f??) 2 )(#i + H 2 ) + i^8H- 4 + 2£J, 
where the Cartan matrices are given by 



(4.13) 



/l 



\ 



/0 



\ 



/o 



\ 



1 







Ho 



Hi 



(4.14) 



°7 



°7 



V 
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In this representation the U(l) generator J is given by 

/-2 \ 



J 



V 



(4.15) 



-3/ 



We now need the odd roots of the supercharges with J charge 1. In the Cartan- 
Weyl basis these are given by 6 matrices with % = 4, 5 and k = 1,2,3. They 
correspond to the 6 generators G~^_ x , 2 , U±y 2 , U± 3 , 2 . Evaluating the commutation 
relations explicitly using the matrix representation given in the appendix we find the 
following roots 



[H X + H 2 ,E,, 



71 



: — Eii, [Hi + H 2 , E T2 ] = 0, 
[Hi, Ei k ] = Eii, [Hi, E^ k ] - 



[Hi + H 2 , Eft] = Ej 3 , 
-E- 5k . (4.16) 



We now have all the information to derive the supersymmetric conditions given in 
( f4.9| ). Consider the supercharge Eii, using the holonomy of the background given in 
( [4.12| ) and the roots from ( |4.16| ) we find the following condition 



in. 



(4.17) 



We see that this matches with one of equations in ( |3.31|) . Now consider the super- 
charge E12, again using ( |4.12|) and ( |4.16| ) we obtain 



iy/a6 + 2^ 



in. 



(4.18) 



This coincides with one of the equations in (|3.30|) . Repeating this explicitly for all 
the remaining supercharges we obtain the 6 conditions in (|3.30|) and ( |3.31| ). 

4.2 Smooth holonomy and supersymmetry 

To find the allowed supersymmetric conicial defects we will impose the smoothness 
condition on the holonomy and also require the background holonomy to be super- 
symmetric. Demanding the holonomy around the angular direction is trivial leads 
to the following condtion 



Hol^A) 



L 3x3 



±1 



2x2 



-lxl- 



(4.19) 



We then have following conditions on 8, (3 and n. 

Vad = ±—, 

2v^(/3 2 - (lv) 2 ) 1/2 = ±P, 
-2i£, = ±q. 



(4.20) 
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where n, p, q G Z. Substituting the periodicity conditions of the Killing spinors 
given in (|3.30|) and ( p.31|) we obtain the following conditions 



TTl Tfl 

QT — = n, qT (—±p)=n. (4.21) 

Let us now examine if any of the conical defects in the sZ(3|2) theory satisfy the 
requirement that they lie in the domain as pointed out in |T3] 

~ < Lo < 0, (4.22) 

where c is the central charge of the theory which can be written in terms of the 
cosmo logical constant. For the sZ(3|2) theory L in terms of the holonomy is given 

L ° = 24^ (4 ' 23) 



Note that by defining Lq as given in (|4.23| ) the shift in energy due to the presence 



of the presence of the U(l) field Q is accounted for. Substituting the values of 
the holonomy from (|4.20| ) in (|4.23|) we obtain the following bound that the integers 
p, q, m must satisfy 

0<P 2 -(y) 2 -6g 2 <Jj. (4.24) 

The factor of 6 occurs on taking the super trace of J 2 using the definition of J 
given in ( |4.15| ) There are no conical defects which satisfy the above bound. However 



to illustrate the method of figuring out the allowed supersymmetric defects for the 
general sl(N\N — 1) we proceed to study the susy conditions. On substituting for 
m/2 from the supersymmetric holonomy conditions given in (|4.21|) we obtain the 
following bounds 

<P 2 - {q-nf -6q 2 < 3/4, < p 2 - (q - n =f pf - 6q 2 < 3/4. (4.25) 

It is clear that any of the above bounds are satisfied since there is no integer between 
and 3/4. Thus there are no supersymmetric smooth conical defects in the s/(3|2). 

This analysis can be easily extended for the sl(N\N — 1) theory and it will 
be interesting to find if there exists supersymmetric smooth conical defects. These 
solutions should correspond to chiral primaries in the dual theory. 



5. Conclusions 

We have constructed a class of conical defects and black holes in the sZ(3|2) theory. 
These solutions in general have fields in si (3) © sl(2) © u(l) directions turned on. 
We have developed a general method to solve the Killing spinor equations for these 
solutions and obtained the conditions under which they are supersymmetric explic- 
itly. Observing the conditions for the Killing spinor to be periodic in the angular 
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directions we show that for the general sl(N\N — 1) theory these conditions can be 
formulated invariantly in terms of the products of the background holonomies with 
the odd roots of the superalgebra. This condition is given in ( |4.9| ). We have com- 
pared this condition with the conditions obtained by explicitly solving the Killing 
spinor equations for the conical defects constructed in this paper and shown that 
they are in agreement. The condition for the Killing spinor to be supersymmetric 
can be easily generalized for solutions in Chern-Simons theories based on any super 
group. 

It will be interesting to generalize the conical defects constructed in this paper 
explicitly for the s/(3|2) theory to the sl(N\N — 1) theory and study their supersym- 
metry along with the smoothness conditions as we have done for the case of sZ(3|2) 
theory. We have shown in this paper that for the s/(3|2) theory there are no smooth 
conical defects. However the sl(N\N — 1) theory might admit smooth conical defects 
which are also supersymmetric |36| . These solutions are possible candidates for chiral 
primaries in the dual CFT. It will be interesting to classify them and compare them 
with the chiral primaries of the dual Kazama-Suzuki model conjectured to be the 
large N limit of these theories [fT3 |. Conical surplus solutions in the bosonic sl(N, C) 
Chern-Simons theory have been shown to agree with the light states of the dual min- 
imal model |Tj3]. It will be interesting to see if the Euclidean supersymmetric version 
of the Chern-Simons theory studied in this paper admits conical surplus solutions 
and check if they are supersymmetric. One can then verify if they correspond to 
possible light states in the dual Kazama-Suzuki model of flijl 1 . 

The black holes we constructed in the s/(3|2) theory have in addition to fields 
in sl(3) also fields in the extra sl(2) turned on. It will be interesting to study the 
thermodynamic properties of these black hole solutions and obtain an expression for 
their partition function both from the bulk theory and the CFT. 
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A. Cartan-Weyl basis for sl(N\N - 1) 

One can construct following |33| a basis of matrices for the sl(N\N — 1) algebra. 
Let's consider (2N — l) 2 matrices e/j of order 2N — 1 so that (eu)jcL — &il$jk 

1 We thank Rajesh Gopakumar for discussions regarding this point 
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(I, J, K, L — I,..., 2N — 1) and define the (2N - l) 2 - 1 generators 

Eij — eij — Sij(e kk + e kk ), E^ — e iJ: (A.l) 

-Ey = ejj + 5tj(ekk + e kk ), = e^, (A. 2) 

where i, j, . . . run from 1 to AT and %, j, . . . from + 1 to 2 A" — 1. 
The generators for the various subalgebras of s/(3|2) are as follows 

• «(1) : Z = E kk = —E kk = —((N - l)e kk + Ne kk ). 

• sl(N): E i3 - j-SijZ. 

• sl(N-l) : Efj+j^SijZ. 

• (N, N - 1) representation of sl(N) © sl(N - 1) © u(l) : 

• (N,N - 1) representation of sZ(iV) © s/(A r - 1) © u(l) : 

In the Cartan- Weyl basis, the generators are given by 

• Cartan subalgebra 

Hi = En - Ei+ lti+1 , for 1 < i < iV- 1, (A.3) 
Hi = E„-E T+w , for N + l < i < 2N-2, (A.4) 
Hn = Enn + E n +i,n+i- (A.5) 

• Raising operators 

E'ij with i < j for sl(N), E^ with z < J for sl(N — 1), E'jj. for the odd part 

(A.6) 

• Lowering operators 

Eji with i < j for sl(N), E^ with i < j for sl(N — 1), £^-. for the odd part 

(A.7) 

The commutation relations in this basis are 
[Hj,Hj] = 0, 

[Hr, Eij] = 5ikE kj — 5i : k+iEk+i,j ~ SkjEik + 5k+i,jE IjK +i (K ^ N), 

[Hn, Eij] = 5i m ENj + 5i t N+iEN+i,j — &NjEi m — 8n+i,jEi : n+i, 

[Eij, E kl ] = 5j K Ei L - 5i L E KJ for E u and E KL even, (A.8) 

[E u , E kl ] = 5j K Ei L - 5i L E KJ for E u even and E KL odd, 

{Eu, E kl ] = 5j K Ei L + 5i L E KJ for E u and E KL odd. 
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